Abstract: Let F be the symmetric-square lift with Laplace eigenvalue λ F (∆) = 1 + 4µ 2 . Suppose that |µ| ≤ Λ. We show that 
Introduction
Let be a GL 2 Hecke-Maass cusp form of type ν = 1/2 + µ. It is well known that the symmetric-square lift of is a GL 3 Maass form F of type (2ν /3 2ν /3). The Laplace eigenvalue of F is λ F (∆) = 1 + 4µ 2 . Clearly, F is uniquely determined by . Finding other instances where families of central L-values determine F is an interesting subject. In 1997, Luo and Ramakrishnan [13] first found that a modular form can be captured by the central values of its twisted L-functions. Since then many authors have studied this problem for various automorphic forms (see Chinta and Diaconu [1], Ganguly, Hoffstein and Sengupta [2] , Li [9] , Liu [10, 11] , Luo [12] , Luo and Ramakrishnan [14] , Pi [16, 17] , Sun [19] , and Zhang [20] ). In particular, for the symmetric-square lift, Liu [10] showed that F is uniquely determined by the family {L(1/2 F ⊗ ) : ∈ H κ }, where H κ denotes the set of holomorphic Hecke eigen cusp forms of weight κ ≡ 0 (mod 4).
Note that these results are not effective. Recently, Munshi [15] proved a first quantitative result in this direction. He showed that a newform of weight κ ≤ K and level ≤ Q is uniquely determined by the central values L(1/2 ⊗ χ ) with | | δ Q 3/2 (QK ) 4+δ for any δ > 0.
In this paper, we are concerned with the problem of effective determination of symmetric-square lifts. Following Munshi [15] we obtain the following result. 
G ⊗
(1) for some constant = 0 and all ∈ H κ with κ Λ + , = max{4(1 + 4θ)/(1 − 18θ) 8(2 − 9θ)/3(1 − 18θ)} for any 0 ≤ θ < 1/18 and any > 0, then F = G. Here H κ denotes the set of holomorphic Hecke eigen cusp forms of weight κ ≡ 0 (mod 4) and θ is the exponent towards the Ramanujan conjecture for GL 2 Maass forms.
Remark.
Note that = 8(2 − 9θ)/3(1 − 18θ) for 0 ≤ θ ≤ 1/30 and = 4(1 + 4θ)/(1 − 18θ) for 1/30 < θ < 1/18. The exponent depends on bounds for the Fourier coefficients of GL 2 Hecke-Maass forms (see (12) and (18)), bounds for some GL 3 × GL 3 Rankin-Selberg L-functions in the critical strip (see (14) and (20)), and cancelation behavior between the Fourier coefficients of GL 3 Hecke-Maass forms and Kloosterman sums (see (52)).
Throughout the paper, we use the notations from Goldfeld [3] , θ denotes the exponent towards the Ramanujan conjecture for GL 2 Maass forms. Under Ramanujan conjecture, θ = 0. According to Kim and Sarnak [8] , the best record for θ is θ = 7/64. To prove Theorem 1.1, we need the following two propositions. 
for any > 0, where
Proof of Theorem 1.1. By (1) and (2) we have 
By the Möbius inversion formula, we have
The Godement-Jacquet L-function associated to F is defined by
which is entire and satisfies a functional equation relating and 1 − . In particular, if F is the symmetric-square lift with the Laplace eigenvalue λ F (∆) = 1 + 4µ 2 , then we have the convexity bound
(1 + |τ|)
for any > 0.
Set α = −3ν F + 1. Suppose that ψ is a smooth function compactly supported on (0 ∞). For = 1 2 and σ > max{−1 − Re α −1 + Re α}, define
where
dξ is the Mellin transform of ψ. Let
We have the following Voronoi formula for GL 3 (see Goldfeld and Li [4] ).
Lemma 2.1. If F is the symmetric-square lift of a GL 2 Hecke-Maass cusp form of type ν = 1/2 + µ, then α = 2 µ. Let λ ( ) be the normalized -th Fourier coefficient of . Then the Godement-Jacquet L-function associated to F is defined by
Comparing (7) and (11) we obtain A F ( 1) = 2 = λ ( 2 ). Thus for a prime number,
where θ is the exponent towards the Ramanujan conjecture for GL 2 -Maass forms.
Proof of Proposition 1.2
Let Ω be a smooth function of compact support on [1 2]. Following Munshi [15] , we consider the sum
Here denotes that the sum is restricted to square-free integers. We estimate A in two ways. First, we have the following result.
Lemma 3.1.
Let F and G be symmetric-square lifts. Assume A F ( 1) − A G ( 1) ≤ B for all primes < P. Then for any suitably large square-free integer < P, we have
for any > 0, where ω( ) denotes the number of distinct prime factors of . We proceed by induction. Let = 1 2 · · · . If = 1, then the statement holds trivially. Assume it is true for − 1. Denote = 1 2 · · · −1 . For = 1 2 · · · −1 , by (4), we have
Thus Lemma 3.1 follows.
which has meromorphic continuation to C with at most a simple pole at = 1 only if H = F . By the functional equation of L( H ⊗ F ) (see [3, Theorem 12.1.4] ) and the Phragmen-Lindelöf principle, we have the convexity bound
Recall that (see [3, Proposition 7.4 .12])
By (15), (16) and (12) we know that L H F ( ) converges absolutely for Re > 1/2+4θ. Now we compute A. By integration by parts, we have
By Perron's formula (see Iwaniec and Kowalski [7, Proposition 5 .54]), we have, for some > 0, 1 2π
where the second O-term exists only if τ is a square-free integer. Note that for τ square-free,
On the other hand, moving the line of integration to Re = 1/2 + 4θ + , we have 1 2π
say. Note that L H F ( ) 1 for Re ≥ 1/2 + 4θ + . Thus, by (14), we have
By (18)- (20) we have
on taking T = τ/Λ 4(1−8θ) 2/(9(1−8θ)+4) . By (17) , (21) and (22) we obtain
By (13) and (23) we have
Since 
GL 3 × GL 2 L-functions
Let F be a self-dual Hecke-Maass cusp form of type (ν F ν F ) for SL 3 (Z) and H κ be a Hecke basis of holomorphic cusp forms of weight κ ≡ 0 (mod 4) for SL 2 (Z). We denote by A F ( ) and λ ( ) the ( )-th Fourier coefficient of F and -th Fourier coefficient of ∈ H κ , respectively. The Rankin-Selberg L-function of F and defined by
is entire and satisfies the functional equation (see Goldfeld [3, Theorem 12.3.6] 
, and for α = −3ν F + 1,
. We define 
Note that symmetric-square lifts are self-dual. In the following, we assume that F is the symmetric lift of Laplace eigenvalue λ F (∆) = 1 + 4µ 2 . Then α = 2 µ. V ( κ) has the following properties.
Lemma 4.2.
Let α = 2 µ and κ K . For > 0 and |µ| ≤ Λ ≤ √ K , we have
where A > 0 is arbitrary and the implied constant depends only on A, and
where the implied constant is absolute.
Proof. We follow the proof of Iwaniec and Kowalski [7, Proposition 5.4] . Moving the line of integration in (25) to Re = −1, passing a simple pole at = 0, by the residue theorem, we have
By the duplication formula, γ( F ⊗ ) in (24) takes the form
Thus, for = σ + τ and α = 2 µ, we have
Therefore, the integral in (28) is 1 2π 
By (28) and (31), we conclude that V ( κ) = 1 + O /κ 3 . This proves (27).
To prove (26), we move the line of integration in (25) to Re = A to get
As the proof of (31) we have
By (27) and (32), (26) follows.
Proof of Proposition 1.3
The Petersson trace formula (see Iwaniec 
Then Proposition 1.3 follows from
and
We will establish (36) and (37) in Section 6 and Sections 7-9, respectively.
Computation of the diagonal term D
By (34) we have
By the definition of V ( κ) in (25),
Thus we can move the line of integration in (39) to Re = −1/2, picking up a simple pole at = 0, and obtain
Now we compute the integral in (40). By (30), for = −1/2 + τ, we have
By (8), (12) and (41),
By (40) and (42),
Then (36) follows from (38) and (43). Here we have used the fact that
for any A > 0.
Contribution from the off-diagonal term R
In this section, we estimate R in (35). Let ( ) be a smooth function of compact support on [1 2], with its derivatives satisfying ( ) ( ) 1 for ≥ 1. By Lemma 4.2, we only need to estimate
where 
for any A > 0. The further part of the paper is devoted to the estimation of
We need the following result (see Iwaniec [6, p. 85-87] ).
Lemma 7.1.
Fix a real valued function ∈ C
Therefore, we are led to estimating 
Using the bound (see Hoffstein and Lockhart [5] )
we have
for any > 0. By (44), (50) and (6), the contribution from the O-term in (49) to R * 1 in (47) is at most
Q. Sun for any > 0. Now we turn to the integral in (49). By the Parseval equality, we have
Here we have used the fact that
It follows from application of integration by parts several times that
Therefore, the contribution from the integral in (49) is negligible. 
Estimation of R
As the proof of (51), the O-term contributes at most √ K . Since 0 (τ) has compact support,
Expanding the Kloosterman sum S( ; ) in (52), we have
Applying the Voronoi formula for GL 3 in Lemma 2.1 for the -sum, we have
A F ( 
Note that Ψ 1 (Y ) has the same asymptotic expansion as Ψ 0 (Y ). By (53) and (54), we only need to estimate
